UNIT - IV: VECTORS & THREE-DIMENSIONAL
GEOMETRY

CHAPTER

1 O VECTORS

______________________________________________________________________

Vectors and Scalars, Magnitude and direction of a vector. Direction

Syllabus

cosines and direction ratios of a vector , Types of vectors (equal, unit, i
zero, parallel and collinear vectors), position vector of a point, negative |

of a vector, components of a vector, addition of vectors, multiplication of a vector by a scalar, position
vector of a point dividing a line segment in a given ratio. Definition, Geometrical Interpretation,
properties and application of scalar (dot) product of vectors, vector (cross) product of vectors.

______________________________________________________________________________________________

____________________________________________________________________

In this chapter you will study

_________________________

List of Topics

Topic-1: Basic Algebra
of Vectors Page No. 241
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1

1

e Some basic concepts about vectors :
1

1

1

Topic-2: Dot Product of |
i

1

1

1

1

1

1
1
|
o different types of vectors :
e various operations on vectors :
e using concepts of vectors, finding area of triangle and parallelogram :
o dot product of vectors i
o cross product of vectors !

Vectors Page No. 248

Topic-3: Cross Product
Page No. 255

_________________________

___________________________________________________________________________

Basic Algebra of Vectors
Topic-l Q_Qng_ep_ts_Cmr_e_d e Basic concepts of vectors, ® Operations on vectors

o Different types of vectors, e Triangle Law, e Parallelogram Law

___________________________________________________________________________

E Revision Notes

1. Vector : Basic Introduction : Key Words

1
1
* A physical quantity having magnitude as well , i

as the direction is called a vector. It is denoted ' Magnitude: 1t is defined as the !
N N . 1 . : 1
as AB or a. Its magnitude (or modulus) 1s : nTaxm.lum extent ,Of s1ze a.nd th,e i
i direction of an object. Magnitude is !
! used as a common factor in vector and |
1 1
1 1
1 1

scalar quantities.

___________________________________

| AB | or |a| otherwise, simply AB or a.

¢ Vectors are denoted by symbols such as a.

[Pictorial representationrof vector] 3. Position Vector :
2. Initial and Terminal Points : The position vector of a point say P(x, y z)
The initial and terminal points means that is OP=r= x;+y}'+ zk and the magnitude is
point from which the vector originates and terminates - ———
respectively. 7=y +y" +2%
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The vector OP = r = xi + y}' +zk is said to be in its «  Alsosince AC =-CA= AB+BC+CA=0.
component form. Here x, y, z are called the scalar B

components or rectangular components of r and
A ~ ~ —
xi, yj, zk are the vector components of r along X, a b

Y, Z-axis respectively.

e Also, AB = (Position Vector of B) - 4 ¢ c N N
(Position Vector of A). For example, let (b) Parallelogram law : If two vectors a and b are
- represented in magnitude and the direction by
A(xy, Y1 z1) and B(xy, Y, 2zp). Then, AB = the two adjacent sides (say OA and OB) of
()i +1, ] +2, k)—(x i+ v j+z, k). a parallelogram OACB, then their sum is given

by that diagonal of parallelogram which is
Here i, and k are the unit vectors along
the axes OX, OY and OZ respectively (The
discussion about unit vectors is given later B C
under ‘types of vectors’).

co-initial with ; and Z ie., 6C:6A+ 63,

a
4, Direction Ratios and Direction Cosines:
If r=xi+yj+ zlz, then coefficient
Y N @) a A
of i, j,k in r ie, x, y z are 6. Properties of Vector Addition

called the direction ratios (a) Commutative property: a+b="b+a

(abbreviated as d.r’s) of vector 7 Consider =a,i +4,] +a,k andb=b,1 +b,j+byk
These are denoted by a, b, ¢ (i.e., a be any two given vectors, then
=x,b =y c =z inamanner we o R ) o
can say that scalar components of a+b=(a, +b)i+(a,+b,)j+(a,+b)k=b+a.
vector ? and its d.r”s both are the (b) Associative property : (a+b)+c=a+(b+c).
same).
S B C
Also, the coefficientsof i, j, k in r (whichistheunit )
- . X y
vector of r)i.e., , ,
) N TN N O ¢ A S . o
() Additive identity property : a+0=0+a=a.
z (d) Additive inverse property :

—~——=— are called direction cosines (which is
¥4yt +z

abbreviated as d.c.’s) of vector .

a+(-a)=0=(-a)+a.

Note : Multiplication of a vector by a scalar

* These direction cosines are denoted by I, m, n -

) Let a be any vector and k be any non-zero scalar.
such that [ = cos o, m = cos B, n = cos yand [ . ;
s ) ) ) Then the product ka is defined as a vector
+m“+ n“=1=cos“a + cos“B + cos”y= 1.

whose magnitude is |k| times that of 2 and the

. X
* It can be easily concluded that — =1 = cos o, direction is

;
Yy

=m = cos B, Z - = cos Y. (i) same as that of a if k is positive, and
’

(ii) opposite as that of a ifkis negative.

Therefore,

F=lri+ mr}' +nrk =r(cosai +cos B}' +cosyk).

5

[Herer = | r |].

* In biology, a vector is a living organism
that transmits an infections agent
from an infected animal a human or
another animal. Vectors are frequency
arthropods, such as mosquitoes, ticks,
files, fleas an lice.

*In video games, we use vectors to
represent the velocity of players, but also
to control where they are aiming or what

5. Addition of vectors
(a) Triangular law : If two adjacent sides (say sides
AB and BC) of a triangle ABC are represented

by a and b taken in same order, then the third
side of the triangle taken in the reverse

N

5
order gives the sum of vectors a and b ie,

AC=AB+BC= AC=a+b

____________________________________



Types

____________________________

Key Fact

vector fields was invented by two men
J. Willard Gibbs and Oliver Heaviside at

Vector calculus and its sub objectivei
the end of 19'" century. !

Know the Terms

of Vectors :

(@)

(b)

(©

(d

©

r=

(®

ZeroorNullvector:Itis that vector whose initial
and terminal points are coincident. It is
denoted by 0. of course its magnitude is 0 (zero).
Any non-zero vector is called a proper vector.
Co-initial vectors : Those vectors (two or
more) having the same starting point are called
the co-initial vectors.

Co-terminus vectors : Those vectors (two or
more) having the same terminal point are
called the co-terminus vectors.

Negative of a vector : The vector which has
the same magnitude as the r but opposite
direction. It is denoted by — 7. Hence if,

AB=ror BA=-r ie, XB:_B%, ﬁQ = _dp
etc.
Unit vector: Itis a vector with the unit magnitude.

The unit vector in the direction of vector r is

A r

given by r=|;| such that |r| = 1, so, if

r=xi+ y}‘ +zk then its unit vector is :
X 2 g Z P
i+ Y j+ k.
\/x2+y2+zz \/x2+y2+zz \/x2+y2+zz

Unit vector perpendicular to the plane a and

<

1
W

. X
bis: %

SR}
S

laxb|
Reciprocal of a vector : It is a
vector which has the same

X

direction as the vector r but

-

(8)

____________________________

Key Fact

without rotating it. It still has the

1
1
1
1
i
1
Vectors can be placed in a new position |
1
1
same magnitude and direction, and is |

1

1

_________________________________

magnitude equal to the reciprocal, of the

magnitude of r.Itis denoted as r . Hence
a1
r|==

q

Equal vectors : Two vectors
are said to be equal if they
have the same magnitude
as well as direction, regardless
of the position of their initial
points.

lal=]b]

Thus a=b <4 - o
a and b have same direction

Also,if a=b=>a,i+a,]+a,k=bi+b,]+

(h)

bk=a,=b,,a,=b,,a,=b,.

Collinear or Parallel vector : Two vectors a

and b are collinear or parallel if there exists a

non-zero scalar A such that 2 = )\p -
It is important to note that the respective

coefficients of 1, },]A( in 2 and b are
proportional provided they are parallel or
collinear to each other.

The d.1’s of parallel vectors are same (or are in
proportion).

The vectors a and b will have same or
opposite direction as A is positive or negative
respectively.

The vectors a and b are collinear if axb=0.
Free vectors : The vectors which can undergo
parallel displacement without changing its
magnitude and direction are called free vectors.

_______________________________________________________________________________________

The position vector of a point say P dividing a line segment joining the points A and B whose position vectors are

a and b respectively, in the ratio m : n.

(a) Internally, 6P=

* Alsoif point P is the mid-point of line segment AB, then OP = -

- -

mb+na
m+n

b-na

(b) Externally, JP ~mo—na

- -

a+b

1
1
1
1
1
1
1
1
1
1
1
- — :
1
1
1
1
1
1
1
1
1
1
1



______________________________________

@ Mnemonics

Types Of Vectors (A)

Collinear  Unit

Teachers of Various New Colleges Using

Types Vectors  Negative

Zoom Conferencing during Epidemic

1 I

Zero  Coinitial Equal

Interpretation :

Types of Vectors-

Zero Vector - Initial and terminal points coincide
Unit Vector - Magnitude is unity

Coinitial Vectors - Same initial points
Collinear vectors - Parallel to the same Line
Equal Vectors - Same magnitude and direction
Negative of a vector - Same magnitude, opp.
direction

Properties Of Vectors(B)

"Neither choose East nor choose north, always
choose North-East and save your time".

oOuhkwNPR

North
C D
‘ébé
&
A B East

_____________________________________________

n Multiple Choice Questions

Q.1.If 4 is a non-zero vector of magnitude ‘a” and A a
non-zero scalar, then A 4 is unit vector if

A)yr=1 (B) A=-1
1
(C) a=|\ (D) =
Ans. Option (D) is correct.

Explanation:
Vector A4 is a unit vector if

Al =1
= [Ala] =1

- 1
1 ~

= T [lal =a]

Therefore, vector Ad is a unit vector if a = W

Q.2.Whatisif 4 and b are two collinear vectors, then
which of the following is incorrect:

______________________________________

@ Mnemonics

Interpretation :
The vector sum of two coinitial vectors is given by
the diagonal of the parallelogram whose adjacent

sides are given vectors.
A B

AB + AC = AD
Properties Of Vectors(C)

Interpretation:

The vector sum of the three sides of a triangle
taken in orderis O i.e

AB+BC+CA=0

_____________________________________________

(A) b =24, for some scalar A
(B) a=1b
(C) the respective components of @ and b are
proportional
(D) both the vectors @ and b have same direction, but
different magnitudes
Ans. Option (D) is correct.
Explanation:
If G and bare two collinear vectors, then they are parallel.
Therefore, we have
b=Jd
If , =+1,then i = .
Ifa= a12+u2}'+a312 and b = blf+ b2}+b312 then,
=2d

:blf+b2}'+b312 =)v(alf+u2}'+a312)

(For some scalar A)

ey

= bi+b,]+bk=(Aa)i+(Aa,)j+(Aay)k

= b, =4a,,b, =a,,b, = Aa,
= hob b
al aZ a3



So that, the respective components of @ and b are
proportional. However, vectors @ and b can have
different directions.

Q. 3. What is the vector in the direction of the vector
i- 2}' +2k that has magnitude 9 is

(B) i—2j+2k

3
(D) 9(i —2]+2k)

(A) i —2]+2k

(C) 3(i —2j+2k)
Ans. Option (C) is correct.
Explanation:

Let i o=i-2j+2k

Any vector in the direction of a vector i is given by

G i-2j+2k
V12 +2% 427
i- 2\] +2k
3
.. Vector in the direction of 4 with magnitude 9
9?—z}+zk
3
3(i -2 +2k)

a

Q. 4. The position vector of the point which divides the
P P
join of points 2d—3b and d+b in the ratio 3: 1is
3i - 2b 7d - 8b

(a) == ®)

3 -
© 5 ® 2

Ans. Option (D) is correct.
Explanation:
Let the position vector of the R divides the join of
points 2d — 3b and @ +b.
3(@+b)+1(2d - 3b)
3+1
Since, the position vector of a point R dividing the
line segments joining the points P and Q, whose

position vectors are pand gin the ratio m: n
mg +np

.. Position vector, R =

internally, is given by
m+n
4

Q. 5. The vector having initial and terminal points as
(2,5, 0) and (-3, 7, 4), respectively is:

(A) —i+12]+4k (B) 5i+2j—4k
(C) —5i+2]+4k
Ans. Option (C) is correct.

(D) i+j+k

Explanation:
Required vector = (=3 —2)i+(7 —5)] + (4 —0)k
= —5i+2]+4k

Q. 6. The value of ) for which the vectors 37 — 6}' +k and
2i- 4}' + 2k are parallel is

* 2 ® >
3 2
5 2
© 5 ©) -
Ans. Option (A) is correct.
Explanation:
Let i=3i-6j+k
and b =20 —4j+\k
Since, illb
. 3_-6_1
2 -4 A
= A= 2
3
Q.7.1f ‘Zz‘ =4 and -3 <A <2, then the range of \kﬁ\ is
(A) [0, 8] (B) [-12, 8]
(©) [0,12] (D) [8,12]
Ans. Option (C) is correct.
Explanation:
We have, ‘ﬁ‘:éland -3<A<L2
2] = [[al
= M4
at A=-3
= Ad| =|-3|4
=12,
at A=0
[2a] = [o[4 =0,
and ‘M‘ = ‘2‘4
=8,
at A=2

So, the range of |A4| is [0,12].
Q. 8. Which of the following statement is true.

(A) aand —a are collinear
(B) Two collinear vectors are always equal in
magnitude
(C) Two vectors having same magnitude are
collinear
(D) Two collinear vectors
magnitude are equal
Ans. Option (A) is correct.
Explanation:
(A) True
Vectors @ and —4 are parallel to the same line.
(B) False
Collinear vectors are those vectors that are
parallel to the same line.
(C) False
It is not necessary for two vectors having the
same magnitude to be parallel to the same line.
(D) False
Two vectors are said to be equal if they have
the same magnitude and direction, regardless
of the positions of their initial points.

having the same



of

©) Very Short Answer Type
Questions (1 mark each)

Q. 1. The position vectors of two points A and B are OA

= 2i- } ~k and OB = 2i- } +2k , respectively.

The position vectors of a point which divides the
line segment joining A and B in the ratio 2: 1 is ....... .

Topper Answer, 2020

ST T I

N fe2

RH

"5‘“““1%5 * gy

Q. 2. Find a unit vector in the direction opposite to —% f .

[R] [CBSE SQP 2020-21]

- -
. Give an example of vectors a and b such that

- i - - A
la] =|blbut a=b. @ R&U [SOP 2017-18]
. Write the number of vectors of unit length

d A A A
perpendicular to both the vector a =21 +j+2k

- Ay A
and b =j+k. [0.D. Set I, I, III 2016]

Sol. There are two such vectors of unit length

- -
perpendicular to both the given vectors a and b

- -
axb
- =7
|axb|

and vectors are *

. Find the position vector of a point which

divides the join of points with position vectors

- - -
(a—2b) and (2a+Db) externally in the ratio

2:1. [Delhi Set I, I, IIT 2016]
- - - -
. 1(a-2b)-2(2a+1b)
Sol.  Required vector = Ya

1-2

- > - -
_ (a-2b)-(4a+2b)
-1

- -
3a+4b )

e e e e St it ""'"7("'.:3'\—_?\_'_"

I N 3_‘1‘. TR

_________________________________________________

- b3 Jrﬁ-\ﬁ&»;ﬁ‘ﬁ‘t 8 i

_______________________________________________

AN A A A

Q. 6. The two vectors j+k and 3i— ]+4k represent the

two sides AB and AC, respectively of AABC. Find
the length of the median through A.

[Delhi Set I, I, IIT 2016] [Foreign 2015]

AN A A

Sol. AB ]+k andAC 3i—j+4k
A

Now ABEC represent a parallelogram with AE as
the diagonal.
— — —
AE = AB+AC 1
AN A AN A AN A A
= (j+k)+(3i—j+4k)=3i+5k
N
Now, |AE| = ‘ (3)2+(5)2‘=\/9+25
34 units
5
|AD| = %\/3_4 units A



- -

Q.7. If a and b denote the position vectors of points
A and B respectively and C is a point on AB such
that AC = 2 CB, then write the position vector of C.

[Outside Delhi Set I, II, IIT Comptt. 2016]

AC:CB=2:1
Position vector of C

Sol.

= 1

[CBSE Marking Scheme 2016]

— AN A
Q. 8. Find a vector in the direction of a =i—-2j that

has magnitude 7 units. [NCERT]
[Delhi Set I, TI, IIl Comptt. 2015]

N
Sol A 1 3 2 } a
ol. a=—Fl-——F7=]=— 1
BETD 7
- 7. 14~
7h o= L3 14 1
then @ \/gl 5 J V2
[CBSE Marking Scheme 2015]
@ Short Answer Type
Questions-I (2 marks each)
Q. 1. Shown below are two vectors in their component
forms.

u=3i- p}' +5k
0=—6i+14] + gk
For what values of p and g are the vectors collinear?

Show your steps.

[CBSE Practice Questions 2022]
Sol. Here, u is parallel to 0.

We know that if two vectors a = alg + blj' + cllz and

Q.3.

Q.4.

Sol.

b= azf + bz}' + cz}' are parallel, then

bl_il

a, b, C

Therefore, we have
3 - 5
—6 14 q
3 _r
-6 14
= p=7 Y
3 5

-6 q

= g=-10 )
Thus, when p = 7 and g = -10, then vectors are
collinear.

and

. Find the area of the parallelogram whose diagonals

_ A A A
are represented by the vectors 4 = 2i-3j+4k

and j=2i— }+ 2k [SQP 2018-19]

Find the angle between the vectors

a=i+j—k and b= i j+k [SQP 2018-19]
The position vectors of points A, B and C are
7»§+ 3;’, 12§+u;' and 11?—3;’ respectively. If C

divides the line segment joining A and B in the
ratio 3 : 1, find the values of A and pu.

[Delhi Comptt. 2017]

11?_3; _ 3(2i+pj)+1Ai+3))
4
4=36+A-12=3u+3

A=8u=-5 Yo+
[CBSE Marking Scheme, 2017]

___________________________________________________________________________

Dot Product of Vectors
Concepts Covered e Properties of dot product, e Projection of a vector

Topic-2

___________________________________________________________________________

E Revision Notes

1. Products of Two Vectors and Projection of Vectors
(a) ScalarProductorDotProduct: The dot product

- -
of two vectors a and b is defined by,
- > - >
ab=|al|b|cos® where 0 is the angle

— -
between 4 and b,0<0<m.

A

6

v

Consider

- A A A

A A
a=a,i+a,j+azk, b=bi+b, j+ ,

- -
then a.b =ab; +a,b, +azb; .



____________________________

2 Projection of a vector : ; on the other Key Wor
2 Projection: The

1

1
N 1
vectorsay b is givenas [ —— |- i
1 .
i line, plane or surface.
1
1
1
1
1

N
S Projection of a vector : b on the other
- =
- a.b
vector say a is given as —
lal

E Know the Properties (Dot Product)

*  Properties/Observations of Dot product
2 If 8 = 0, then

S
a.a=|al|’=a*; as

A A A A

O i.i=|i||i|cosO=1ori.i=1=j.j=kk
> i.j=|i||j|cosg=0 ori.j=0=jk=ki

- - . . - - =
S a-b eR, where R is real number i.e., any b =-|al|lb]
scalar.

= ;_I; = Z; (Commutative property of
dot product).

- - - - - -
S a-b =0 albor|al=0or|b|=0.

1
1
1
1
i
geometrical figure reproduced on a |
1
1
1
1

image of a

Scalar: A physical quantity that is
completely described by its magnitude.

___________________________________

- > - >
a-b = |al|b]|. Also

0 in this case is 0.

N
Moreoverif ® = 7, then a -

(Distributive
property of dot product).

_______________________________________________________________________________________

- - - -

-b
cosezi_:z — oI, §=cos ! a.b
- -
lallb] lal|lb|

- -
S Angle between two vectors a4 and b can be found by the expression given below :

______________________________________________________________________________________________

Explanation:

n Multiple Choice Questions
Topper A

Q. 1. If the projection of 4 = i-2j+3k on p=2i+2k is

zero, then the value of A is

nswer, 2020

(A) 0 i I I S i

(B) 1 I - |1 S

C 2 : — 2 G'g_:“_'...o e S
o TTewsae

3 b s il st

® = AR S,
Ans. Option (C) is correct. i ..... C. _D!?-_, 5 - i

________________________________________________



Q.2.Let aand b be two-unit vectors and 6 is the angle

Ans.

Q.3.

Ans.

Q.4.

Ans.

between them. Then a + b is a unit vector if

T L
A 9:* B = —
(a) 0= (B) 0=7

B 2n
C) 0=— D) 0="-
(© 6=> (D) 6=
Option (D) is correct.

Explanation: Let Gand b be two-unit vectors and 6
be the angle between them.

Then, g+ =p| = 1.
Now, i + bis a unit vector if
a+b| =1
= @+by =1
= @G@+b).G+b) = 1
=  ad+ab+ba+bb =1
2 A |72
= || +2a.b+‘b‘ =1
= 17 +2[pcoso+1* = 1
= cosf = L
2
= o = 2L
3
ST . . 2n
So that, a+b‘ is a unit vector if ez?-
The angle between two vectors @ and b with

magnitudes /3 and 4, respectively, and a.b = 2.3
is:

b b
Az B) =
*) 2 ® 7
T 5m
© 5 ©) ==
Option (B) is correct.
Explanation:
Here, [a|=+3, [b|=4andas=2y3  [Given]
We know that,
ib = \ZIHE‘COSG
= 2\/3 = \/5.4.cose
23
= cosf = —
43
_1
2
0="1
3
Find the value of A such that the vectors
i=2i+ 7»}'+1Ac and b= ;'+2}'+312 are orthogonal.
(A)O (B) 1
02 p) =
© 5 ©) -

Option (D) is correct.

Q.5.

Ans.

Q.6.

Ans.

Ans.

If a4, b

Explanation:
Since, two non-zero vectors 4 and b are orthogonal,

ie., ib=0
(2427 +k)-(+2]+3k)=0
= 2+24+3=0
1=
2

If a, b and ¢ are unitvectorssuchthat @+ b +¢ = 0,
then the value of @-b+b-¢+¢-a is

(A)1 (B) 3
-3
©) ey (D) None of these
Option (C) is correct.
Explanation:
We have, @ +b+c=0and ,b2=1,¢% =1
(G+b+C)d+b+7) =0
= A2 +d-b+d-c+b-d+b>+b-T+
¢-a+c-b+c? =0
= A2 +b*+¢%+2@ - b+b-c+¢-d) =0
[-d-b=b-d, b-c=¢-band¢-d =d-c]
= 141+1+42@ -b+b-C+¢-d) =0
= i-b+b-C+¢C a’:—%

S

(A)

{ﬁ.

- i-b
]b (B) W

(D) [2 ]5
jal

Explanation: Projection vector of @ on b is given by,

Sy

ENY)
<

©

QY

Option (B) is correct.

S

g

| iSTR
B

S

and ¢ are three vectors such that
l;‘ =3 and ‘E‘ =5, then the
valueof 4-b+b-¢+¢-d is

(A)0 (B) 1

(C) -19 (D) 38

Option (C) is correct.

d+b+c=0and |d=2,

Explanation :
Here,ﬁ+l§+5=6and *=4,b*=9,¢*=25



= A +b2+¢>+2@ b+b-c+c-d) =0 - i B+bcec.d= 8
L 2
o [ a b = b ‘11] =_19
= 4+9+25+2(G-b+b-c+c-d) =0
.9
Very Short Answer Type between them is 60° and their scalar product is 3
Questions (1 mark each)

[Delhi/O.D. 2018]

. . - - -
Q. 1. Find the magnitude of each of the vectors a and Q.2. If a and b are unit vectors, then what is the angle

5
b, having th itud h that th 1 - = - - .
+ aving the same magnitude suc attheangle between a and b for a— /2 b to be unit vectors?

[Delhi Set I, II, III Comptt. 2015] [O.D. Set-II, 2016]

Topper Answer, 2016

]"i_lj-‘F Lﬁ.‘m; 2l oa s R (Jﬁ'b}%l;i} (_Qiﬁr;%l.g_ _ <2 —b\>
14 a— afadeh =} : Lab = 3 jalin]eese: ;‘Fi. f B;ﬁyT?Hn%&_)%mm 3k
- is #5°

________________________________________________________________________________________________

Q.3. If a,b and c are mutually perpendicular unit 12(0)+ (O)+ | ¢ P

A A A
vectors, then find value of |2a+b+c|.
B SR

R&U [All India 2015] [from Eq. () and a.b =b.a]
Sol. Given 4,b and € are mutually perpendicular =dlprlrl=arlsl=e
unit vectors, i.e., . | 224_ lA)+ 2 | = \/E v,
Bl = B = € =) (1) [ length cannot be negative]
and la| = |b] = |c| =1 (i) [CBSE Marking Scheme 2015]

— ~ ~ ~
A A A A A A A A A Q. 4. Find the projection of vector 4 =2i+3j+2k on
Now, |2a+b+c | = (2a+b+c).(2a+b+c)

- ~ ~ ~ A
the vector b =2i+2j+k. [NCERT]

= 4 A.A 2 A.i; 2 A.A 2 g./\

(a.a)+2(2.5) +2(a.c) +2(b.a) [0.D. Set I, 11, III Comptt. 2015]
+(b.b)+(b.c)+2(c.a)+(c.b) +(c.c) ©) Short Answer Type

I Questions-I (2 marks each)

[ca.a= |al] R .

Q.1.If @4 and b are unit vectors, then prove that

[ Dot product is distributive over addition] %2 o 0
la+bl= zcosE , where 0 is the angle between

= 4(|a?)+2(0)+2(0) + 2(0)+ | b? +(0)
them. [SQP 2021-22]



Sol. (a+b).(a+b) = |af +|b[* +2(ab)
|‘;“‘IA7|2 = 141+ 2cosB 1
= 2(1 + cos0)
= 4coszg Y2
|Z1+é | = ZCOSS Ya

[CBSE Marking Scheme, 2022]

- - - -
Q.2.Find |a| and |b|, if |a|=2|b] and
B T T
(a +b)(a-b)=12.
[R] [CBSE OD Set-I, I, I1I 2020]
Q.3.If;l+l—1+5 = 0 and |a| =3,|B| =5, |E| =7,

then find the value of a.b + b.c + c.a.

[CBSE SQP, 2020]
Sol. (a+b+¢c).(a+b+c) =0
— a.a+a.b+a.

= |al* +|b]* +|c]* + 2(a.b+b.c+c.a) =0
= 3+5+72+ 2(a.b+b.c+c.a) =0 %
= 2(a.b+b.c+c.a) =—(9 + 25 + 49)

e e 83
= (a.b+b.c+c.a) = Y

[CBSE SQP Marking Scheme, 2020]

Va

Q. 4. If the sum of two unit vectors is a unit vector, prove
that the magnitude of their difference is 3.

[CBSE Delhi Set-II1I, 2019]

Sol. Given ‘d + l;‘ =1

as |ﬁ+l§|2+|[z—é|z =2(ﬁ2+|13|2) 1
=1+[a-8 =201+1)
=la-Bf =3=[i-5|=5 1

[CBSE Marking Scheme, 2019]
Detailed Solution :
Let the two unit vectors be g and b

Given, ‘;1+E‘ =1

2

a+b =1

L2 2 e
= ‘a‘ +‘b‘ +2ab =1

= 1+1+42ab =1 (- lal=1=]b])
. 25 =1 4
Also, Zz—l—y‘z = ‘a‘2+‘5‘2—25.g
=1+1-(-1) [fromeq.(i)]
=2+1=3
‘E_E‘ =3 Hence Proved.

Commonly Made Error

i » Mostly students fail to understand the question. |

Q.5. Find the projection (vector) of 2i—j+k on

i 2}'+ k. [SQP 2017-18]
@ Short Answer Type
Questions-II (3 marks each)

Q.1. 7 and s are unit vectors. If |7 +s | = /2, find:

(i) the angle between rands.
(ii) the value of (47 —5s).(2r +5).
Show your steps.

[CBSE Practice Questions 2022]

Sol. (i)Given, |7l =1,1s] =1
and |;+;| =2
Now, |;+§|2 = (\/2)2

— |rP+|sP+2rs =2

= 12+1%2+2rs =2

= 2rs =0
= rs =0
= |;||§|cose=0
= (1).(1).cos6 =0
0= cos~
= cosO = 2
T
= =73



(4r —5).(2r +s) = 8|r[* +4rs—2sr—|s
= 8(1)+4|r||s|cos®—2]|s]||r|cos®— (1)
=8 + 4(1)(1) cosb — 2(1)(1) cos® -1
=8+0-0-1

=7 [+ cosB = 0 from above part]

4 A A ~ - ~ ~ ~
Q.2.If a=i+2j+3k and b=2i+4j—5k represent
two adjacent sides of a parallelogram, find
unit vectors parallel to the diagonals of the

parallelogram. [CBSE Delhi Set-I 2020]
Sol. Diagonal vectors are :
- = A ~ ~
a+b = 3i+6j-2k
- - ~ ~
and a-b = -i-2j+8k
- = A A A
(or, b—a=i+2j-8k) 1
- unit vectors parallel to the diagonals are
atb
@+h) | _ 33,65 2
laxp)) 7 7 7
a-b
(a-b) 1, 2~ 8 »
and | 55 | = —=it—j-——k 1+1
Jeo' " Veo " Ve

- -
la-b]|
[CBSE Marking Scheme 2020 (Modified)]

Detailed Solution:
Given that, qa =

two adjacent sides of a parallelogram.

1+2j+3k and p = 2i+4j-5k are

Let us suppose d, and d, are two diagonals of
parallelogram. o
Then, d =a+b
= i+2j+3k+2i+4j-5k
= 3i+6]—2k
and d—z =p-a

= 2i+4j-5k—-i-2]-3k
= i+2j-8k
Now, unit vector parallel to dj is

P 3i+6j-2k _ 3i+6j-2k

V9 +36+4 J49
3 = 3i+6j—2k
7
And unit vector parallel to d, is
T i+2]-8k
? V1+4+64
i+2]-8k

J69

Commonly Made Error

Instead of finding the parallel vectors, some
students take the cross product to find the

5@3 Answering Tip

______

Q.3.

Sol.

» Practice problems based on parallel and

perpendicular vectors.

__________________________________________

If i+j+k, 2i+57,3i+2j-3k and i-6j—k

respectively are the position vectors of points A, B,
C and D, then find the angle between the straight

- -
lines AB and CD. Find whether AB and CD are
collinear or not. [CBSE Delhi Set-I11, 2019]

Ed A A A

. The scalar product of the vector a=i+j+k

with a unit vector along the sum of vectors
- A A A - A A A
b=2i+4j-5k and ¢ =Ai+2j+3k is equal to

one. Find the value of A and hence find the unit
- -
vector along b+c .

Al [CBSE OD Set-I, 2019]

Given that
- -
—’ b+ ¢ y
= 2
|b+c
or |b+c b

VA NVANVAN A N A ANVANEEVAN A A A
(i+j+k)(2i+4j-5k)+(i+ j+k)(Ai+2j+3k)

Vs

or2+4-5+A+2+3)

- ‘\/(7\+2)2+36+4‘ %

A+62=N+2%+400rA=1 %

;} = A A ;(\

+c 3i+6j-2

Hence == = 7]
| b+ c |

3/\ 6/\ 2/\
= —i+—7—="k 1,
7'Y7777 A

[CBSE Marking Scheme 2019 (Modified)]



N
c

Q.5. If a,b,

are mutually perpendicular vectors

- - -
of equal magnitudes, show that the vector a4+ b+ ¢
- - -

is equally inclined to 4,b and c . Also, find the

hd - g

e
angle which g+ b+ ¢ makeswith a or b or c.

[Delhi 2017]

- - -
C

= - - - > -
Sol. |a|=|b|=|cland a.b =0=b.

= c.a.()%

- o5 -

Let o, B and y be the angles made by (a+ b+ c)

- > -
with a,b and ¢ respectively

- 5 5 o - 5 5 >
(a+b+c)a =|a+b+c||a]| cosa
-
or o = cos™ 2]
- - -
|a+b+c|
—
Similarly, § = cos! | bl and
- 5 -5
|a+b+c|

using (i), we geta. = =y
Now

e

|a+b+c|2—|a|2+|b|2+|c|2+2(a B,
- - —>2 —>2

or J|at+b+c|" = 3|al® (using (i)
- oS o -

or |a+b+c|=+3]|al

a)

V2

[CBSE Marking Scheme, 2017 (Modified)]

- -
Q.6. If a,b and ;) are mutually perpendicular vectors

of equal magnitudes find the angles which the

- -

vector 2a+ b+2 ¢ makes with the vectors a,b

N
and c.

- -

Sol. Let the vector P

- -5 >
B, Y respectively with the vector a,b,c .

- - - - > -
Giventhat |a| = |b| =|c|and a.b = c.

[O.D. Comptt. 2017]

2a+b+2 c) makes angles o,

=b.c=0 %

- - - - - -
|P|?2 = 2a+b+2c). (2a+b+2c)

— > — = B
[P|?> = 4a u+2ab+4u c+2b.a+b.b+
- > - >
Zb c+4c u+2c b+4c.c
- - - -
|PI1? = 4lal®|b|*4|c|?
— —
IPI? =9]a|?
- -
|[P| =3|a|
- - - -
cos o = (2a+b+2c).a v
- - - -
|2a+b+2c|]|a|
_ 2]|aP
=5 5
3lal|al
=%0r0c=cos’1% 1
3 3
- - - -
cos p = (2a+b+2c).b
- - - >
|2a+b+2c||b|
=2
_ b
- >
3lb||b]|
_1
~ 3
41
or B=cos" = P73
3
- o5 o o
_ (2a+b+2c).c
cosy= ——~—~ ~"“")-
- - - o
[2a+b+2c|]|c|
-
_ 2cP
s 5
3lcl]cl
_2
~ 3
2
or q{=cos‘1g A

[CBSE Marking Scheme, 2017 (Modified)]



Toplc-3 Concepts Covered e Properties of cross product, ® Relationship between Vector product

___________________________________________________________________________

Cross Product

and scalar product

E Revision Notes

N
1. The cross product or vector product of two vectors a

-

axb=

and b is defined by,

e

A
a||b|sin6n, where 0 is

the angle between the vectors

N
a

andg,OSGSnandfi

is a unit vector perpendicular

- -
to both ¢ and b. For better
illustration, see figure.

n v

f 0
Y ?
V 7

- A A AN

Consider a =a;i +a,j+azk, b :blli\+b2?+b312.

then

N

ij ok

—

axb=|a, a, az=

by by by

(a3b3 = a3by) i= (a1by — asby) j+ (arby — azby ) k.
Properties/Observations of Cross Product
A A A A b A A - A A A A
S ixi=[i|]i|sin0=0 or i xi=0=jxj=kxk.

A A N A
S ixj=li||]sin

- = - .
2 axb isavector ¢ (say) then this vector

- -
¢ is perpendicular to both the vectors a
-
and p .
e - > - o 5 o
Saxb=0&al|lbor,a=0,b=0

9 axb#bxa (Commutative property does

not hold for cross product).

- - = e
D ax(b+c)=axb+axc (Leftdistributive).

P T
=b xa +cxa (Rightdistributive).

(Distributive property of the vector product
or cross product)

2. Relationship between Vector product and Scalar product
[Lagrange’s Identity]

- - - -
or | ax b|2+[a~bJZ - |;|2.|Z|

3. Cauchy-Schwarz inequality :
-

N
For any two vectors a and b,

- - -
always have | a-b|<| a|| b|.

Note :

- -
If 2 and b representtheadjacentsidesofatriangle,
then the area of triangle can be obtained by

1> =
evaluating El axb].

If 7 and b represent the adjacent sides of a
parallelogram, then the area of parallelogram can

- o
be obtained by evaluating |2 x b |.

The area of the parallelogram with diagonals ;

= 1 - =
and b is Elaxbl.

_______________________________________________________________________________________

- - - -
sin9:|a><b| or O=sin"! M

- -

lallb] lallb]

______________________________________________________________________________________________



of

n Multiple Choice Questions

Q.1.

Ans.

Ans.

If 0 is the angle between any two vectors 4 and b,
then ‘171.1;‘ = ‘ﬁ X l;‘ when 0 is equal to
T
A)0 B) —
(A) B)
T
Q) - D) n
© 3 (D)

Option (B) is correct.

Explanation: Let 0 be the angle between two vectors
dandb.

Then, without loss of generality, 7 and b are non-
zero vectors, so that [d| and‘I; ‘ are positive.

@b = [ax|
= \ﬁ”g‘cosﬁ = \ﬁ”l;‘sinﬁ
= cosB = sinB

[ |3 and ‘E‘ are positive.}

= tan6 =1
= 0 = kid
4
So that, |a@.b :‘ﬁxg when 0 is equal to g

. Let the vectors 4 and b be such that ‘ii‘ =3 and

- 2 S . .
‘b‘ = =5 then axb is a unit vector, if the angle

between 4 and b is

T T
A) = B) —
(@A) - (B) 7

n r
© % ©)
Option (B) is correct.
Explanation:

= N2

Itis given that |d| =3 and ‘b‘ = g .

We know that @ xb :\ﬁ”g‘sine #i, where fiis a unit

vector perpendicular to both @ and b and 8 is the
angle between @ and b.
Now, @xb is a unit vector if

\axE\ =1
= |ap|sinen| = 1
= al|p|sin®| = 1
= 3><—2><sin6 =1
3
, 1
= sind = —

Ans.

Q.5.

= = =

So that, @xb is a unit vector if the angle between 4

- T
dbis —.
andbis 7

. Area of a rectangle having vertices A, B, C and D

. S S
with position vectors —i+ E] +4k, i+ E] +4k,

s 1A » P P .
i—5j+4k and —i—Ej+4k, respectively is

1
(A) > unit? (B) 1 unit?
(C) 2 unit?
Option (C) is correct.
Explanation: The position vectors of vertices A, B, C
and D of rectangle ABCD are given as:

(D) 4 unit?

OA =—f+1}+412
2

=f+1}'+4l€,
2

e x 1A oA

=i—-—j+4k,
t==J

» 1a

OD =—-i—-—j+4k
2

The adjacent sides AB and BCof the given
rectangle are given as :

- ~ (1 1) ~
AB =(1+1)z+(§—5)]+(4—4)k

oy ]
(@)
Il
—
—

|
—_
~
=
+

|

\

|

N | =
N——

~.
+
—
o

|
'
—
=

Il
|
~

oS O =

= k(-2)

= -2k
= ‘KEXB—E‘ = 2 unit?
Now, it is known that the area of parallelogram
whose adjacent sides are @ and b is ‘ﬁ XE‘.
Therefore, the area of the given rectangle is
‘E X ﬁ‘ = 2sq. units.
The vectors from origin to the points A and B are
i=2i- 3}' +2k and b=2i+ 3}' +k respectively,
then the area of triangle OAB is

(A) 340 (B) 25
(©) V229 (D) %\/@



Ans. Option (D) is correct. @I +@X Y +@xk) =P + 2+ + 2+ + 1

Explanation: =2(x* +y’ +27)
_ — — 72
Area of AOAB = %‘OA x OF| =2a
1)~ o~ A Q.7.1f ‘ﬁ‘ =10, l;‘ =2 and 4-b =12, then the value of
=E‘(2i—3j+2k)><(2i+3j+k) x| i
axb| is
A (A) 5 (B) 10
I (©) 14 (D) 16
2 5 3 1 Ans. Option (D) is correct.
Explanation:
= %‘[f(_g, —6)— j(2—4)+k(6+ 6)]‘ Here, [d|=10, b‘ =2and a-b =12 [Given]
ib = ‘ZIHE‘COS 0

=%‘—9i+2}'+121€‘
12 =10 % 2cosH

Area of AOAB = %‘1/(81 +4+144)| 1

= cosf = —

1 : 20
=5 229 square units 3
R N 5
Q. 6. For any vector i, the value of (dxi)*+(dx j)*+ R 9
~ 1 — p— 2 — [
(@ x k) is equal to = sin® = v1-cos™0 = \/1 25
2 _2 4
(A) a (B) 3a sin@ = +—

(C) 44 ’ (D) 24 ’
Ans. Option (D) is correct.

Explanation: =10x2x 4

Let[i:x{+y}+zlz

=x’+y’+7° =16
i j k Q. 8. The number of vectors of unit length perpendicular
ixi=|x y z to the vectors @=2i +j+2k and b=j+k is
1 0 0 (A) one (B) two
A (C) three (D) infinite

Ans. Option (B) is correct.

. =4 A__ Yy kA A s Explanation: The number of vectors of unit length
s (axi)” =(zj - yk)(zj - yk) perpendicular to the vectors @ and b is c (say)
= 42 -
=y tz ie. ¢=+@xb).
Similarly, (@ xj)? =x* +2° and (@ xk)* = * + So, there will be two vectors of unit length
perpendicular to the vectors  and b.
..' Very Short Answer Type Q.3. If (axb) +(a-by* =225 and |a| = 5, then write
Questions (Liais e ) the value of |E . [a[ [O.D. Comptt. 2017]

Q. 1. Find the area of the triangle whose two sides are

represented by the vectors 2i and —3]. Sol. (;XZ)Z +(;,Z)z — 25
[RI [CBSE SQP 2020] S, )
or |al|b]’ (sin”6 + cos”0) = 225
Q. 2. Write the angle between the vectors axb and = =
I or By |b? =2250r [b] =3 1

bxa. 2) [Delhi Comptt. 2017
x4 [ i ] [CBSE Marking Scheme 2017]



Detailed Solution :

- -
Q. 4. Find the angle between two vectors a and b (f+3}'+912)><(3f—7»}'+u12) —0
having the same length 2 and their vector o
A A A v . k
productis —i —j+k. P
or 1 3 9/ =0
R&U [Outside Delhi Set I, II, III Comptt. 2016] 5 -4
. |—i—j+k| . R X
Sol. sin © = W ori(Bu+9A)— j(u—27)+k(-L-9) =0
3u+9A =0 ()
: V3 o H
Sn@= = or W-27=0 ...(ii)
or 0= 600 or - }\4_ 9=0 ...(iii)
T from eqn. (ii) and (iii),
or 0= — 1 _
3 u =27
[CBSE Marking Scheme 2016] and A=-9
Q.5. Find Land [ if (i+37+9k)x (3 —Aj +uk) = 0. . S . .
/ / Q.é6. vaectorsaandbaresuchthat|a|=1|b|=%
[0.D. 2016] 2 3
- o 1 . - -
Sol. Getting A=-9 and |axb|=—=, then find |ab|.
and =27 1 3
[CBSE Marking Scheme 2016] [O.D. Set II 2016]
Topper Answer, 2016
SOl el B \GE|eh ekl i
; g & ~ :
i I|E ﬁIll_?_—__M].ﬁiﬂﬂ_u._ t& 5 F}nato.. poidéars 13echors iﬁ:) i
: R | :
i ___ﬁ“_”_?J'T'SM' R S i
: > =k - o :
: And = N s S . . — :
i [2%] = |a|[e]esss ] SO S— i
i R % % I3 -:' Vi f___ - i
! B / !
i ; %M#}——r_ y N VR i

________________________________________________________________________________________________

D Short Answer Type
Questions-I (2 marks each)

Q. 1. Find a unit vector perpendicular to each of the vectors a and b where a= 51 + 6}' ~2k and b=7i+ 6}' +2k .

[CBSE Delhi Set-II, 2020]

Topper Answer, 2020

________________________________________________________________________________________________




________________________________________________________________________________________________

i . ]s & 2} ’ ] i
. Jx e 2] - i
; S T= X A(euR-duGagR) ;
; -] 5 S N = B ;
| ceaam E L R00 AN pp JEMNe s o s |
: 8 :
. _de o= 2[28-06-1%) - e 5
| \8 3" 3/ |

________________________________________________________________________________________________

Q. 2. Find the area of the parallelogram whose one side
and a diagonal are represented by coinitial vectors

AR o :@: Answering Tip
i—j+k and 4i+ 5k respectively.
[CBSE SQP 2020-21]

» Practice more problems related to area of
triangle and parallelogram.

Sol. Let @ =i-j+k  FoTommmmmtEemseiomsosEiscoocoosoooooooooooo
- A A Q. 3. Find the unit vector perpendicular to each of the
d = 4i+5k N - A A ~
o vectors a =4i+3j+k and b =2i— j+2k.
a+b = d .
[CBSE Delhi Set-I, II, III 2020]
b =d-a S s
’ Q.4.If |q=2,[5=7 and axb=3i+2j+6k, find the
— S0 2 1 . -
Sl % angle between 4 and b.
A .
i o1 1 [CBSE OD Set-1, 2019]
314 Q. 5. If 6 is the angle between two vectors ;:— 2,]\'+ 31,;
=_5,1'\_1}'+4]2 1 and 31'—2j+k, find sin 0.
R&U [Delhi/O.D.-2018]
Area of parallelogram = |axb| B @ g A a
o & |(i-25+3k)x (31 2]+ )|
AP Wl A0 v .
= [V25+1+16] Sol. e T TE I T TR
= V42 sq. units Ya |(2—2}+312)><(3f—2}'+12)|
[CBSE SQP Marking Scheme 2020-21] = |41+8j+4k|=46 1
sin@ = ﬁ = & Y

Commonly Made Error 4 7

[CBSE Marking Scheme, 2018]
» Mostly students get confused in deciding the

1 1
1 1
i formula to be used since a side and a diagonal
1 . 1
I are given. '

_________________________________________________



Detailed Solution :

Sol.

O)

Sol.

Topper Answer, 2018
g - 3 A :
doowg @@= £=-2al43g GXb = [ W ¢ Kk e :
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Q. 6. Using vectors, find the area of triangle ABC, with D(1,-3,4) C
vertices A(1, 2, 3), B(2, -1, 4) and C(4, 5, -1).
[Foreign 2017]
AB = i-3j+k, AC = 3i+3j-4k Vith
L A(0,-3,3) B (-5, m-3, 0)
Area of AABC = 5 | ABxAC|
i j ok
i j ok ABxAD = |5 m -3
_ 1 magnitudeof (I -3 1 1 1 0 1
2 3 3 4
or, ABxAD = i(—m—0)— j(=5+3)+k(0—m)
1~ _a 2 274 .
= — (9i+7j+12k) = sq. units R, A A N
2 2 or, ABxAD = -mi+2j—mk 1
[CBSE Marking Scheme 2017] )
Now, |ABxAD| = \/(—m)2+(2)2+(—m)2‘
Short Answer Type
Questions-II (3 marks each) or, |ABxAD| = [Nm?+4+m?
Q. 1. Three vertices A, B, C and D of a parallelogram \/2—
= [N2m +4‘
ABCD are given by, A(0, -3, 3), B(-5, m — 3, 0) and v
D(1, -3, 4). The area of the parallelogram ABCD is Given, area of parallelogram ABCD
6 sq. units. Using vector method, find the value(s) = 6 5q. units
f m. Sh teps.
orm OW your steps. ‘m‘ -6
[R[CBSE Practice Questions 2022]
. 2 -
Area of | |gm ABCD = | ABx AD | = 2m” + 4 =36
= 2m? = 32
Now, AB = (-5-0)i+(m—3-(-3))j +(0-3)k = mt =16
I A A A =4
or, AB = 5+mj-3k v = "
Thus, value of m is +4. 1
and AD = (1-0)i+(=3-(=3))j+(4-3)k Q.2. If a#0,ab=ac,axb=axc, thenshow that b=c
or, AD = i+k v [SQP 2021-22]



Hence,

Sol. We have a.(b—¢) -0 1
- (5-3) = 0 or 7 Lr(5-3) required area = SV274. unit? 1
—¢) =Uoralr(b-c
- b=coralrb-o) 1 [CBSE Marking Scheme 2020 (Modified)]
p E—— = 0 d A A A - A A A
Al ux(— i) 0 - Q.4. Let a=4i+5j-k, b=i-4j+5k and
= (b-c) =0orall[(b-c) A N
. b — 7 ordl1G-9) . c=3i+j-k. Find a vector d which is
- -
7 cEmineh e e perpendicular to (b-c¢) and perpendicular to both ¢ and b and satisfying
parallel to (6-¢). dc =21 a1 [CBSE OD/Delhi 2018]
Hence, b=c 2 } z
CBSE Marking Sch 2022 - -
[ arking Scheme ] il 7= AMexD)=A3 1 -1 .
Q. 3. Using vectors, find the area of the triangle 1 4 s
whose vertices are A(1, 2, 3), B(2, - 1, 4) and
C@4,5,-1). [Delhi 2017] . . .
( ) 4 = Ai-160j—13Mk
[CBSE Delhi Set I, II, I11-2020] N
d-a =21 =4A-80\ + 131 = 21
= A A A
Sol. Given, OA = i+2j+3k 1 .
OB = 2i-j+4k 2
= al—j+ A A 5
:1) = —11+Ej+Ek 1
OC = 4i+5j-k o9 3
e, J [CBSE Marking Scheme 2018 (Modified)]
- - o
Now, AB = OB-0A OR
A A N A A A
= (2i-j+4k)=(i+2j+3k) Topper Answer, 2018
AR A
= i-3j+k % Sol. Wt 4 & XLty RK
5 S now, d 1 .
and AC = OC -0A (d+ yl+xc)(3L4{-K) =0
A A A A A A = S'x.: y=2=0 w
— (4i+5] —k)—(i+2]+3k) Mo, d L b .
Cad+ yi + 28 ) (L= Yo+ 5k) =0
AN A -
= 3i+3j -4k 1 '!."Q'y"'si =0 2
». The area of the given triangle Aue, dral® & . -
Lo Cad+ gyt k) ludesf-k) = 2
=§|AB><AC| Qe B~k =) ———cih)
M"Mﬁ, ) nd W) equative
S ij ok 3wt+y-g=0
Now, ABxAC =1 -3 1 XAy E =al
3 3 4 —=l=Yys=al =
> atlg=3 — dv
A A A pley o by 5 aalodd 00 €4,
= j(12-3)+JB+4+ k@B+9) E'Sw..*.nsghi =0
A A A e ot = _
=91 +7] + 12k 1 H:g;-l-g;o T
Therefore, . .
~— Seluing (jwond Weg.
|ABx AC| = ‘ 92 +(7)% +(12) ‘ i

-xw‘;_{?{ =al 5 -
o - edadMy =0
- |\/81+49+144|

— J274 unit? N



Quwfnj VoLl 8 % «p eg: ).

K4y =4| .
:?1‘-.* yy = &)
Yy = &I+l
Yy= €3+ =
%
Yy = gy
6 Sol.

fruo, 8% +ty-%=0

- = %
)4
~1+_r_§:2,
3
-8t =R, A= 13
] 3
L

Q.5. If a = 2;+}'—1Ac, I_; = 42—73’+1Ac, find a vector

c suchthat aXc=b and a-c =6.
[Foreign 2017]

A

Sol. Let ¢ = sz'+yj+zlA<; a-c =6or2x +y-z==6 Q.8.

Q7.1fa =2i—j-2k and b = 7i+2j-3k then

N

express b in the form of b = bj+ bi, where IZ

is parallel to a and l;; is perpendicular to a.

All [O.D. 2017]

bj||;orlet b = X(Z?—}—ZIAC) ¥
b,=1b-b,
= (7i+2]-3k)—(2hi -\ —21k)
%
= (7-20)i+Q2+X)j-(3-20)k
v
b, La or2(7-20)—1Q2 +A) + 2(3—-24) = 0
or A=2
b, = 4i-2j-4k v
and l;; = 3?+4;’+1Ac %

or (7i+2j-3k) = (4i -2j-4k)+(3i +4j+k)
1

2

[CBSE Marking Scheme 2017 (Modified)]

Show that the points A, B, C with position
vectors 2i—j+k,i—3j-5k and 3i-4j-4k

Now, axc =1 :
A respectively, are the vertices of a right-angled
i j ok triangle, hence find the area of the triangle.
or 2 1 -1 = 4i-7j+k 1 [O.D. Set-1, 2017]
X y Z Ed A A A - A A A Ed
Sol. AB = -i-2j-6k, BC = 2i—j+k, CA
Sol. 2 2 . 2 B8 A A a
or i(z+y)—j(2z+x)+k(Qy—x) = 4i-7j+k = —i+3j+5k 1
orzty=42z+tx=72%9-x=1 1 Since XB, B?:, CA are not parallel vectors, and
Solving and gettingx = 3,y = 2,z = 2 S L R
- AL A A = 0 .. A, B, Cform a triangle
¢ = 3i42j+2k 1 AB+BC+CA 0 g
[CBSE Marking Scheme 2017 (modified)] Also BC-:CA =0 .. A, B, C form a right triangle
1
Q. 6. Find the area of a parallelogram ABCD whose side 1 - - 1
AB and the diagonal AC are given by the vectors Area of A = 5 |CAXBC| = E\IZIO unit® 1
3i+j+4k and 4i+5k respectively. [CBSE Marking Scheme 2017 (Modified)]
[Foreign 2017]
OR
Topper Answer, 2017

-

OA slﬂ-?-—'-t-‘k“
EA-aJ-sE
= B0 -4 -4k

al &l
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from the roof corner nearest to the camera in units

{©) Case based MCQs of meters Py(6, 8, 4), P,(21, 8, 4), P4(21, 16, 10) and
P,(6, 16, 10) [CBSE QB-2021]

Q. 1. What are the components to the two edge vectors

I. Read the following text and answer the following

. . -
questions on the basis of the same: defined by A = PV of P, - PV of P, and E =PV
Solar Panels have to be installed carefully so that of P, — PV of P;? (where PV stands for position
the tilt of the roof, and the direction to the Sun, vector)
produce the largest possible electrical power in the (A) 0,0,15:0,8,6 (B) 15,0,0:0,8,6
solar panels. (C) 0,8,6:0,0,15 (D) 15,0,0:6,8,8

Ans. Option (B) is correct.
Explanation:
A = PV of P,~ PV of P,
= 217 +8] + 4k — (61 + 8k + 4k)

= 15i+07 +0k
B = PVof P, —~PVofP,
A surveyor uses his instrument to determine the = 62+16}'+1012—(6§+8}'+4]2)
coordinates of the four corners of a roof where _ (Of +8}' +612)

solar panels are to be mounted. In the picture ,

suppose the points are labelled counter clockwise ~ A(15,0,0) and B(0,8,6)



Q. 2. What will be the standard notation with 7, } and

k (where i, } and k are the unit vectors along the
three axes) of the vectors obtained in Q.1.

(A) 15i+07+0k, 0i + 8] +6k
(B) 0i+6]+8k,15i+0]+0k
(C) 0i+0j+0k, 0i +8] +6k
(D) 15i +0j + Ok, 6i +8i + 0k
Ans. Option (A) is correct. R .
Q. 3. What are the magnitudes of the vectors A and B?
(A) 9,10 (B) 115, 50
(C) 225,100 (D) 100, 200
Ans. Option (C) is correct.

J(15)% + 0% + 0%

= 225
|B| = V0* +8% +6°
= V64 +36

Explanation:

|A|

5
Q.4.What are the components to the vector N,

— -
perpendicular to A and B and the surface of the

roof?
(A) -90, 90 (B) 120,18
(C) 90,100 (D) -90, 120
Ans. Option (D) is correct.
Explanation:
- - -
N = AxB
i j ok
N=|15 00
0 8 6
= —15(6] —8k)
= —90j +120k;

Q. 5. What is the magnitude of Kf ?
(A) 100 (B) 150
(C) 50 (D) 90
Ans. Option (B) is correct.
Explanation:
N = —90j +120k

N = |eooy? - (1207
= |V/8100+ 14400|

= \\/22500\
= 150

II. Read the following text and answer the following
questions on the basis of the same:

A class XII student appearing for a competitive
examination was asked to attempt the following
questions.

- - -
Let a, b, and ¢ be three non zero vectors.
[CBSE QB 2021]

- - - - - >
Q.1.If aand b aresuchthat |a+b|=|a-b]| then

(A)albd B) allb
(C) a=0b (D) None of these

Ans. Option (A) is correct.
— -
Q.2.If aand b are unit vectors and 6 be the angle

- -
between them then |a-b| is

0 . 0
A) sin— B) 2sin—
( )sm2 (B) sm2

0 0
C) 2cos— D —
©) cos— (D) cos

Ans. Option (B) is correct.
Explanation:
|i-b* = (@-b).(@-b)
=|aP +|b* —2d.bcos®
=1+1-2(1)(1)cos6

= |i—bP =2-2cosH
= 2(1—cos0)
= |i-b = 2(2sin29)
2
= |a—b[* - 4sin?2
2
|a—b]| ~ 2sin 2
2

- - -
Q.3.Let a,b and c¢ be unit vectors such that

e — - T
a-b=a-c =0 and angle between b and c is .

N
then a =

(A) 2(bx c) (B) —2(bxc)

(©) +2(bx c) D) 2(b +¢)

Ans. Option (C) is correct.

- -

Q. 4. The area of the parallelogram formed by 4 and b

as diagonals is
(A)70

N
2

(B) 35
(©) (D) 70

Ans. Option (C) is correct.



Case based Subjective
Questions (2 marks each)

I. Read the following text and answer the following
questions on the basis of the same:

Team B Q, R went for playing a tug of war game.
Teams B Q, R have attached a rope to a metal ring
and is trying to pull the ring into their own areas
(team areas when in the given figure below). Team

P pulls with force F; = 4i+ 0}' KN
Team Q pulls with force F, = —2i + 4}' KN

Team R pulls with force F; = -3i-3j KN

Q. 1. What is the magnitude of the teams combined
force? Also, find which team will win the game?
Sol. Let F be the combined force,

-~ F=Fi+Fh+F
= (41+0])+(=2i +47)+ (=31 —3])
— (4-2-3)i+(0+4-3)]
= —i+]
|E| = J(-1)?+12
= [V2|kN 1
Now, |F1| = \/(4)2+02
|F2| = [J(-2)*+4%| = V20 KN

and |Fa| = |{(=3)> +(-3)*| = VI8 KN

Here, magnitude of force F, is greater, therefore
team Q will win the game. 1
Q. 2. In what direction is the ring getting pulled ?
Sol. We have,

=4 KN

Combined force, F = —f+}'
E
6 = tan”' y] = tan’l(ij 1
[Fx -1
= tan"'(1)

= tan™ (tan 3—“}
4

= 3n radians 1
4

II. Read the following text and answer the question
on the basis of the same.
The slogans on chart papers are to be place on
a school bulletin board at the points A, B and C
displaying A (follow Rules), B (Respect your elders)
and C (Be a good human). The coordinates of
these points are (1, 4, 2), (3, -3, -2) and (-2, 2, 6),
respectively.

A Follow Rules

B C
Respect your Be a good
glder}s] Hur%lan

Q. 1.1If a,b and ¢ be the position vectors of points A,

B, C, respectively, then find | a+b+c|.
Sol. Here,

Position vector of Ais =i+ 4}' +2k
Position vector of Bis b=3i - 3}' —2k
Position vector of Cis ¢ =-2i + Z}' + 6k 1

o a+b+c = (143-2)i+(4-3+2)]+(2-2+6)k

= 2i+3]+6k v,
Thus, |a+b+c|= ‘ (2)* +(3)* +(6)*
_ [Varovig )
=29

Q. 2. Find area of AABC.
Sol. We have, A(1, 4, 2), B(3, -3, -2) and C(-2, 2, 6)

Now, AB = j_g = 2i-7j-4k
and AC = c—a = —3;—2}—&-4]2
ik
ABxAC = |2 -7 —4
3 2 4

— i(—28—8)— (8 —12)+ k(—4 —21)
= —36i+4]-25k 1

|ABxAC| = /(-36) +42 +(-25)
_ V1296 +16+625| = (1937

Area of AABC = %|K‘B'XKE|

Now,

= % 1937 sq. units 1



Solutions for Practice Questions (Topic-1)

Very Short Answer Type Questions

2. j 1
[CBSE SQP Marking Scheme, 2020-21

Commonly Made Error

» Some students find any vector instead of unit |
vector. Some others find the unit vector in the |
same direction. :

/
N

:@3 Answering Tip

» Read the question carefully and practice more
problems involving unit vectors.

_______________________________________________

[or any other correct answer] 1

[CBSE Marking Scheme, 2017-18]
Short Answer Type Questions-I|

J
-3
-1

[\°}

AN

X

S

Il
N DN o~
N B >

2i+4j+ 4k 1

|ﬁ><5| = |\/4+16+16| =6 %

Solutions for Practice Questions (Topic-2)

Very Short Answer Type Questions

otV
[CBSE Marking Scheme, 2018]

- -
2. |a|=|b|=3

OR

Topper Answer, 2018

S°l'ﬂ_.ld’gle_ B

_______________________________________________

|E X E| )
= 3 sq. units.%2

Area of the parallelogram =

[CBSE Marking Scheme 2018-19]

Commonly Made Error

» Mostly students use the formula to find the ii
area of parallelogram when sides are given. !

]
]
1
|
1
1
|
1
1
|
1
1
|
1
|
]
]
]
]
]
]
]
]
]
|
.

» Clarify the concept of finding area of ii
parallelogram whose diagonal are vectors. !

_______________________________________________

3. The angle 6 between the vectors 4 and p is
given by
cosO = {j—li 1
e[
i.e., cosO

. 1-1-1

i.e., cosO = \/—\/—

. 1 a2

i.e., cos® = -3 =0 = cos ( 3)- 1

[CBSE Marking Scheme 2018-19]

: a :
: P ===%
| 1’ =3. !
T YR TR R
L SRR ) . M
: (@l=15]=8 Py |
5 (2i+3]+ 12)(2?+2]+k) =12 ) :
[b] |0 ] :

= % =4 v



L2 i+b)a-b) = - .

i 2 (u )(Za #2) 2 = la| = 2|b| =2(2) =4

| = [ =[] = 12 ] )

: R 3|5|2 -1 Hence, 14| =4and |b]| =2

E = |E|2 = 4 1 = AAAD A A A

: i i 5. g=2i-j+kb=i-2j+k,a.b =5,|b| = 6.

| Now, [a]” = 12+|b| "
i = 16

: - -

i = 4 1 The required projection (vector) of a on b

i [CBSE Marking Scheme 2020] _ ;_b)z .

i Detailed Solution: B |g|2

; la| =

E E =7? A A A

: 1t = %(i—2j+k). Y

i Given, la] = 2|b]

. and (ﬁ +E).(ﬁ—5) =12 [CBSE Marking Scheme, 2017]
o Short Answer Type Questions-II

! = aa-ab+ab-bb =12 .

i . 3. AB=i+4j-k %
| = aa—-bb =12

E - GE-BR = 1o CD=-2i -8j+2k ”
i o Let required angle be 6.

L= e =ae) =12 AB-CD _-2-32-2

! Then cos 0 =——= NiTN) =— 1
T T L] [BjjcD]

i Bp -

bz 3[0F =12 =0 =180°orn %
AN 6P =4 Since ® = mso AB and CD are collinear. %

[CBSE Marking Scheme, 2019] (Modified)

Very Short Answer Type Questions Detailed Solution:
- T Given, a = 4§+3}'+12
1 —[2ix(-3))|=-|-6k|= 3sq. units 1 o
2 > and b =2i—-j+2k
[CBSE SQP Marking Scheme 2020-21] ik
Lo I Hence, axb =14 3 1
2.  Anglebetween axb and bxa isT. 1 5 -1 3

[CBSE Marking Scheme 2017]

Short Answer Type Questions-I

i(6+1)— j(8—2)+ k(-4 —6)

7i— 6] —10k

3 ixb = 7i-6j-10k 1 -
and |ﬁ x [,| - J185 1 Unit vector perpendicular to each of the vector ¢ and b
Required unit vector _ ><lz = 7i—6j—10k
laxbl  [(7)% +(-6)* +(-10)*

1 PO N
= —(7i-6j-10k 1,
\/185( ! ) i 6 ~ 10 -

7 »
= 1— —
[CBSE Marking Scheme 2020] V185 /185 / V185




Commonly Made Error

Mostly students get confused between the
formula forareas of triangle and parallelogram.

-

5@3 Answering Tips

» Practice problems based on area. I

____________________________________________

7 1
sinf="——=—=— 1V
e 2
=06 =g or % Y
[CBSE Marking Scheme, 2019]
Detailed Solution :

b

Given, [ =2[0=7 and axb=31+2j+6k

Let '0' be the angle between a and b.

‘uxb‘
Since, sin® = = z
el
3 +(2)* +(6)
. g - VPP +©)
2%x7
= sin9=lor9=£osl
6 6
Short Answer Type Questions-1l
6. BC = AC-AB = i—j+k 1
Area = |XB><B_&|
D C
A B
ik
= magnitudeof 3 1 4| 1
1 -1 1

Detailed Solution : i

= |51A'+;'—412|
= \/ﬁ sq. units 1

[CBSE Marking Scheme 2017 (Modified)]

i d 2 2 2
Here 34 +2p = 5i+7j+9%

Ed Ed ~ ~ ~
and 3a-2b =i-j-3k 1

=
Let ¢ be the vector perpendicular to both

(B32+28) & (3a-20).

= - - — -
Then, c = (Ba+2b)x(Ba-2b)
7k
=5 7 9
1 -1 -3
= 121 +24] - 12k 2

[CBSE Marking Scheme 2016 (Modified)]

Given ; = f+}'+l§
b = i+2]+3k
34 = 3i+3j+3k
and 2p = 2i+4j+6k

>
Let ¢ be the vector perpendicular to both

(32+20) and (32-2b).

d d ~ ~ ~
3a+2b = 5i+7j+9k
d - ~ ~ ~
and 34-2b = i1-j-3k
- - - - -
c = (Ba+2b)x(3a-2Db)
ik
=5 7 9
1 -1 -3

= 1(-21+9) - j(-15-9)+i(-5-7)
= —12i+24j-12k

Will you be able to handle the complex situation
related to direction cosines and direction ratio?

REFLECTIONS

Can you early apply the dot and cross product of i
vectors in Mechanical engineering.? !

_________________________________________________________________________________________________



